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functional



2 Scoling properties ofTF

LetK =1,z =N. Denote StCx=Eiz"(y)
and play this into the TFfunctional. Then we

get 156 =7, z=N

SSECs + St+SSes=
-SY"jE(zYy)or +Se,ta

+S)E5das=

-))E I =24
-2(y5 +

I

-I juststarssi
=5 +Sd]
Setting 6- <i=we get I

EzT=(z*se



22.3 Scoling ofHr

Since we went to discuss the validity ofTF

approximation, in order to make connection to the

mens-body problem we needto rescale the Hamiltonion.

The scaling of the TFfunctional suggest that

the TF density lives on the Scole E. Letus

vescole He accordingly. We get:

n =27xx+ +r =(y=z"x3)=
-E(Es -Ayr+gi=i=1

=z"):i)E
->z=N =(r* -xgii) + in

sit

Note that in this scaling all terms are of

and er N! Indeed

kinetic:-:g5-pit =p -x.N
.

interaction Ent. No-N
Semidessical (h = N"s in front of -is) meanfield (1)

regine?



23. Levy-lieb density functional

Recall the representability theorem (withoutproof
which statesthatifOISEL'C"), Sg=N,
then there exists a normalizedwere function

Yo LE CIRON) Such thatSir=g. One can

Choose for to be a sloter determinent.

Because ofthat we can write

Er Feistr, Hrtrh-inf inf <Nr,riTrL
920 114011.=1

SS =N SYr =S

This motivates the definition oftheLevy-Licb
density funchard:

2r(g) =inf Lyr, HrYr) g10:SEN
114w1

=1

84r=S

The discussion in the previous jection suggests
that for

Mr = (h2xedv()) +1 Zv(( -g)
icj

we have



2r(g) -kxh2(g4rV5+sg wa
I

As we will show, the thewas-Farmi approximation

is correct to leading order for

hap-is, tasN+

23.1 convergence of the kinaic density functional

Let us introduce fer= s, fro, St=1.
KG== cntd=d+2

thm
->
-

& If the normalizedwere functions in ELCRO) Sotisfs

fer -weably in L*(R"), then

einingTri:Tr)ofN- N22d

8)For every
of Laros. ***(n) Sf =1

there exist Slater determinals frGl?(NON) such

that fix to strongly in L'C")-2'*** (r
and

simsup [tr, Z-:y)K(f
N +y N



of sketch)

Lower bound:for every odd we can write

N

i tri-sierl=pat.in [c-D-N"s)."]+frf

By Paul's exclusion principle OS fer=1 and

Weyl's law on the sum of negative eigenrobes

Tr (C-b -nx) ()?Tr I- -wc]=

- - (IN' jet +o C(N*jt*/
-

M 1,d
Ind

Weyl's Law TrIC-stars-l= SIK+oc) eszto

gives the esymptotics with equality and error term

wheres hT incgudisgives inequally (but with other

constant(

-
pert S-Ljut*a ocro-

Moreover, using for to in yet(8) we find

that

SU fir -> Sef. L
d I
-

101
=

b). F(2+)
Thus

iti er, Z-s:Yolk-weresuf
Choosing H = const. 20 we conclude

27c+c)Sp18



Problem: can ad be reached there?(I am not sovel

And

We see from the lower bound that one could expect

itis good to use Weyl's law. But the proofof

Weyl's low makes itdifficultto sofists the

Sloter determinent condition. Here, move direct

approach:

St. (Slober'son cubes

Consider the Dirichlet Leplocian - on
a = T0,2]*

Its eigenvale I KENNY will eiganfe,

emc = sin()
Groundstate of Exy) is thestolen

determinantI. Then
I

it Lunar) - -Mk6Sm
and

ter= 1 I ml -> e in LP(a)
M first m

eigerft



-
2
Let 6 =0, Sf=1, FEL +4,296 family of

disjoint cubes (see later for precise conditions).

Consider cubes s.t. (f>0.
Q

We can find me (NS-1, Nef+1)
such atEMR =NSO =N.

For every a, conside the first Me eigenfat bugle
ofthe Dirichlet heplosion is on 2. We extend

those fats by 0 outside a to become elements of

n'(42). Since the cubes are disjoint, the N

functions ~ bag's one orthonormal in LR"). Let
Q

to be a sloter determinant made of those fate.

then in the limit as N-0, using

MQ
-> SF>0
I a

andthe calculation in step 1 for each ambe, we got

im LY, E-re Yr)=aExua
=>Tepe.] Ie ->f
=Ka6f)*sdf



and

fr = I lur=It
(*)

Se3.
Since feh'n **, FRI1 Ifomily ofdisjoint

cubes 304 such that

IIf - really - Ilf- tallyk

leave

pa=iaf.
Using this collection ofcubes, for every NC-1

we can construct a stater determinant to as

in the previous step. Thus there exists Mo

such that for every NCNe

i tr,- Tr( K8* E
and, using (),

1) for - Hefolly Il fe- de falll

By triangle inequality, for NCNA,

llftrk- fll+Ilfers - Aster Ele



To finish the proofone does a diagonal ergomet
to pick k=bn -> 0, N> New andsets

Nr =4,r

In particular

Gri-tr) sk*di-k1128
and

Ilfer- fly+ "fer-Alla 2k -> O E

Conjecture:

Kase""TriTal(set
EKiteEnter den,center)asitwonfor
where to lower boundholds for all 3

CLieb-thinning conjecture?) and upper
boundFast

Upper bound has been proven in 1958 for b=1

by Merch and Young, but does not extend

to higher dimensions.


